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Light Propagation in Chiral Media with Large Pitch

E. V. Aksenova1, E. V. Kryukov2, and V. P. Romanov2

1Saint Petersburg State University, Research Institute of Physics,
Petrodvoretz, Saint Petersburg, Russia
2Saint Petersburg State University, Department of Physics,
Petrodvoretz, Saint Petersburg, Russia

The peculiarities of light propagation in uniaxial chiral media with large pitch are
studied. In this case there are the forbidden zones for extraordinary beams. The
existence of the forbidden zones leads to the effective reflection on zones boundaries
and to damping of the wave inside the forbidden zone. We analyze the vicinities of
the turning points and the transition of an extraordinary wave through the
forbidden zone. It is shown that the optical effects for beams propagating near
the turning points are equivalent to the tunnelling and reflection above the barrier
for the parabolic potential barrier in quantum mechanics.

PACS numbers: 42.70.Df; 42.25.Bs; 42.15.-i; 42.25.Fx

Keywords: forbidden zones; helical liquid crystal; turning points; wave-guide channel

1. INTRODUCTION

The designing of various mapping systems and devices of transmitting
an information stimulate the particular interest to the study of the
optical properties of liquid crystals [1–3]. As a result there emerged
new problems which were almost neglected in physical optics. One of
such problems is the study of light propagation in anisotropic media
with smoothly varying properties. Among such media are nematic liquid
crystals in inhomogeneous electric and magnetic fields, ferroelectric
smectic C�, nematic twist-cells, cholesteric liquid crystals, etc.

For a long time this problem was investigated for the systems with
the pitch less or of the order of the wave length [4]. Within this
purpose effective numerical methods were suggested for calculation
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of the wave transmission and reflection in chiral liquid crystals [5,6]
and nematic twist-cells [7]. The exact solution was obtained for the
wave propagation along the pitch [8,9]. For the oblique incidence the
effective approximate methods based on the Floquet theorem and
methods of diffraction theory were developed [10]. Up to now these
approaches are widely used for the study of wave propagation in the
chiral systems with small pitch [11,12]. Their efficiency is confirmed
in numerous experimental studies.

In this contribution we present a systematic theoretical study of wave
propagation in chiral media in case when the pitch significantly exceeds
the wavelength. The problem of electromagnetic wave propagation in
locally isotropic systems with smoothly varying optical properties has
been solved in [13,14]. From the point of view of physical optics the
chiral media are the uniaxial systems with periodically varying direc-
tion of the optical axis. A wave in such medium can be considered as
an ordinary and an extraordinary wave varying in accordance to the
local optical parameters. In the geometrical optics approximation the
extraordinary beam propagates in this region as in a layered medium
with periodically varying refractive index. For the large angle of inci-
dence the return back of the extraordinary beam in these layered sys-
tem is observed [15]. It relates to forming of the forbidden zones
periodically interlacing with the regions of waves propagation.

The emphasis is made on successive description of the wave
transmission through the forbidden zones and calculation of trans-
mission and reflection coefficients in relation to the angle of incidence.
The problem is solved by application of the vector analog of the WKB
(Wentzel-Kramers-Brillouin) method and of the standard equation
near the turning points.

2. ASYMPTOTIC SOLUTION OF THE WAVE EQUATION
FOR THE CHIRAL MEDIA

In chiral liquid crystal (LC) the preliminary direction of the long axes
of molecules is determined by the unit vector director n0. We consider
the plane parallel LC twist-cell. In this case vector director rotates
along the axis normal to the cell forming a spiral. It is suitable to
introduce the coordinate frame with z axis directed along the spiral
axis so that vector director rotates in ðx; yÞ plane with variation of z

n0ðzÞ ¼ ðcosðq0zþ /0Þ; sinðq0zþ /0Þ; 0Þ; ð2:1Þ

where the angle /0 determines the direction of the director in the
plane z ¼ 0, q0 ¼ 2p=p0, p0 is the pitch. As far as the directions n0ðzÞ

Light Propagation in Chiral Media 31=[383]
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and �n0ðzÞ are equivalent p0=2 determines the period of the optical
properties in the twist-cell.

Optical properties of the LC are determined by the local uniaxial
permittivity tensor [8]

elkðzÞ ¼ e?dlk þ ean0
l ðzÞn0

kðzÞ; l; k ¼ 1; 2; 3: ð2:2Þ

Here ea ¼ ek � e?, ek, e? are permittivities along and transverse to n0.
The system with ea > 0 and ea < 0 are considered in the similar way.
For definiteness we consider LC with ea > 0. The Maxwell equation
set has the form

curl EðrÞ ¼ ik0l̂lHðrÞ; curl HðrÞ ¼ �ik0êeðzÞEðrÞ; ð2:3Þ

where E and H are electric and magnetic fields, k0 ¼ x=c, x is the
circular frequency, c is the light velocity in vacuum, l̂l is the tensor
of the magnetic permittivity. We suppose the system to be considered
is nonmagnetic so that lab ¼ dab. We are interested in the field in the
chiral medium with pitch significantly much larger than the wave
length. We will solve the Maxwell equation by the WKB method
restricting ourself by the zeroth and the first approximation. Besides
we consider the ranges where the mode transformations take place.
In these ranges the WKB approximation is not valid and the solution
of the standard equation should be used.

As far as the permittivity tensor êeðzÞ depends on z it is convenient to
complete the Fourier transformation over transverse variables,

Fðk?; zÞ ¼
Z

dr?FðrÞe�ik? � r? : ð2:4Þ

For convenience we choose k? vector directed along x axis, i.e.,
k? ¼ ðk?; 0; 0Þ. Introducing the new variable n ¼ q0zþ /0 and exclud-
ing Hz and Ez components we get

@n

Ex

Ey

Hx

�Hy

0BB@
1CCA ¼ �iX

0 0 0 a
0 0 1 0

exyðnÞ eyyðnÞ þ e?ða� 1Þ 0 0
exxðnÞ exyðnÞ 0 0

0BB@
1CCA

Ex

Ey

Hx

�Hy

0BB@
1CCA; ð2:5Þ

where @n ¼ @=@n, a ¼ 1� k2
?=ðk2

0e?Þ, X ¼ k0=q0 ¼ p0=k, k ¼ 2p=k0 is the
wave length.

The equation set (2.5) can be written formally as the equation for
four-component vector-column UðnÞ

@nUðnÞ ¼ iX bAAðnÞUðnÞ: ð2:6Þ

32=[384] E. V. Aksenova et al.
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The equation (2.6) can be solved by the WKB method [13,14,16]. If we
determine the component Ez from equation êeE ¼ 0 then the field can
be written in the form

E
ðjÞ
� ðrÞ ¼ E

ðjÞ
0 AðjÞðk?; z; z0ÞeðjÞ�ðk?; zÞ exp ik? � r? � i

Z z

z0

kðjÞz ðk?; z0Þdz0
� �

;

ð2:7Þ

where j ¼ o; e, and where o and e mean ordinary and extraordinary
wave respectively, the signs � correspond to the direction of the wave
propagation. There are four eigenwaves for given k? in cholesteric
liquid crystal with large pitch. Two of them propagate in the direction
of the positive z and two waves propagate in the direction of the nega-
tive z. The constants E

ðjÞ
0 determine the initial amplitude of the field in

the plane z0. Here k
ðjÞ
z ðk?; z0Þ is the longitudinal component of the wave

vector in the plane z ¼ z0, eðjÞ�ðk?; zÞ are the unit vectors, and AðjÞ

ðk?; z; z0Þ are the amplitude factors. All these functions vary smoothly
in the scale of the order of the wavelength. The waves (2.7) locally are
plane waves with the wave vectors kðjÞðk?; zÞ ¼ ðk?;�k

ðjÞ
z ðk?; zÞÞ

and polarization vectors eðjÞ�ðk?; zÞ. In the first order over the large
parameter X we have

kðoÞz ðk?; zÞ � kðoÞz ðk?Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e?k2

0 � k2
?

q
¼ k0

ffiffiffiffiffiffiffiffi
e?a
p

; ð2:8Þ

kðeÞz ðk?; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ekk2

0 � k2
? �

ea

e?
ðk? � n0ðzÞÞ2

r
¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aek þ ð1� aÞea sin2 n

q
;

ð2:9Þ

AðoÞðk?; z; z0Þ ¼ 1;

AðeÞðk?; z; z0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2
?k2

0 þ eaðk? � n0ðzÞÞ2

e2
?k2

0 þ eaðk? � n0ðz0ÞÞ2

vuut ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k
ðeÞ
z ðk?; z0Þ

k
ðeÞ
z ðk?; zÞ

vuut ; ð2:10Þ

and the polarization vectors eðjÞ�ðk?; zÞ in the introduced coordinate
frame are

eðoÞ�ðk?; zÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
0e? � k2

? cos2 n
q ð�kðoÞz sin n; �kðoÞz cos n; �k? sin nÞ;

eðeÞ�ðk?; zÞ ¼
ffiffiffiffiffi
e?
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðk2
0e? � k2

? cos2 nÞðk2
0e

2
? þ eak2

? cos2 nÞ
q
� ððk2

0e? � k2
?Þ cos n; k2

0e? sin n; �k?kðeÞz cos nÞ: ð2:11Þ

Light Propagation in Chiral Media 33=[385]
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As far as the vectors eðjÞ�ðk?; zÞ in (2.11) are real in the first order
over X the waves (2.7) are plane polarized waves. In the next order
over X there appears an imaginary addition in eðjÞ�ðk?; zÞ and the
waves (2.7) obtain a weak ellipticity.

In each point the polarization of the ordinary wave eðoÞ� is perpen-
dicular to the plane containing the vectors kðoÞ and n0. The polariza-
tion vector of the extraordinary wave eðeÞ� is in the plane formed by
the vectors kðeÞ, n0 and its direction is determined by the condition
êeeðeÞ� ? kðeÞ.

It is well known that the solution of the equation set (2.3) for
homogeneous medium with uniaxial permittivity tensor presents four
electromagnetic waves [17], two ordinary and two extraordinary ones

EðjÞ� ¼ E0eðjÞ� expðik? � r? � ikðjÞz zÞ: ð2:12Þ

The refraction indices of these waves are given by the relations

nðoÞ ¼ ffiffiffiffiffi
e?
p

; nðeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e?ek
ek cos2 hþ e? sin2 h

s
; ð2:13Þ

where nðoÞ, nðeÞ are refraction indices of the ordinary and extraordinary
wave respectively, h is the angle between the wave vector k and the
direction of the optical axis.

It should be noted that the solution (2.7) in each point can be
considered as a plane wave in uniaxial homogeneous medium with
varying optical parameters. For the ordinary wave the index of refrac-
tion is a constant whereas for extraordinary wave the index of
refraction depends on z. The waves (2.7) are propagating if k

ðjÞ
z is real

only. The propagation of the waves in these media depends on the
transverse component of the wave vector k?.

We consider the case ea > 0. In this case k? varies within the limits
0 � k2

? � k2
0ek (see Fig. 1). Let us analyze the behavior of k

ðoÞ
z and k

ðeÞ
z as

functions of k?. For this purpose it is convenient to use a parameter
varying in the interval �ea=e? � a � 1. As it follows from Eqs. (2.8)
and (2.9) for 0 < a � 1 (0 � k2

? < k2
0e?) the radicand in k

ðoÞ
z and k

ðeÞ
z is

positive for any n and therefore both waves propagate everywhere
in the twist cell (Fig. 2(a)). For �ea=e? � a < 0 (k2

0e? � k2
? < k2

0ek) the
radicand in (2.8) is negative for any n whereas the radicand in (2.9)
is negative in certain interval of n due to rotation of the permittivity
ellipsoid. In this case k

ðoÞ
z is imaginary and ordinary wave decays expo-

nentially in the whole of the twist cell. The exponential decay for
extraordinary wave takes place in the restricted regions of imaginary
k
ðeÞ
z (Fig. 2(b)). Inside these regions the regime of propagation of wave

34=[386] E. V. Aksenova et al.
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in n direction is impossible and therefore these regions present the
forbidden zones. As it follows from (2.9) the position of the forbidden
zone is determined by the inequality

sin2 n � � a
1� a

ek
ea
: ð2:14Þ

In the case of equality in Eq. (2.14) this equation determines the points
with k

ðeÞ
z ¼ 0 where the wave vector is directed along the x axis. The

return back of the extraordinary wave takes place in these points.
The presented arguments are based on the expressions for the field

obtained by the WKB approximation. However if denominator of
Eq. (2.10) tends to zero then the amplitudes of the obtained solutions
tend to infinity and the WKB method is actually not valid in the
vicinity of these points. As it follows from analysis of the WKB method
applicability, the values of the longitudinal components of the
wave vectors �k

ðoÞ
z and �k

ðeÞ
z should not approach each other. In parti-

cular k
ðeÞ
z can not be close to zero. The points where the longitudinal

components of the wave vectors coincide are designed as degenerated
or turning points. In the vicinity of the turning points the mutual
transformation of modes, or exchange of the energy, is possible.

FIGURE 1 The cross section of the wave vector surface for ea > 0, the cross
section is made for the n ¼ 0. While n varying the surface of the ordinary beam
(sphere) does not change whereas the surface of the extraordinary beam
(ellipsoid) changes its form since the length of the semi-axis varies. In parti-
cular, for changing of n by p=2 the ellipsoid transforms into the sphere. The
number of waves propagating in the medium depends on the value of k?:
vectors 1 and 2 corresponds to the case of two propagating waves; vector 3 –
to the case of one propagating wave.

Light Propagation in Chiral Media 35=[387]
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As it follows from Eq. (2.9) the degeneration points k
ðeÞ
z ¼ �k

ðeÞ
z ¼ 0

are determined from the relation

sin2 n� ¼ �
a

1� a

ek
ea
: ð2:15Þ

In these points k
ðeÞ
z ðn�Þ ¼ 0 and the wave vector is directed along the x

axis. As far as the components k
ðeÞ
z and �k

ðeÞ
z determine the

propagation of the extraordinary waves in the vicinity of the point n�
the interaction of the incident and reflected extraordinary waves takes
place. In what follows this type of interaction will be denoted by
eþ � e�. In the case of ea > 0 the degeneration of k

ðoÞ
z ¼ k

ðeÞ
z type is

possible. It takes place in the points satisfying to the condition

sin2 n�� ¼ �a=ð1� aÞ: ð2:16Þ

The waves of (o) and (e) type interact in these points. This type of
interaction we denote as e� o.

FIGURE 2 Projection of the extraordinary beam trajectory in the plane xz
and the trajectory of the ordinary beam in the chiral medium for various
angles of incidence: (a) the transmitted ordinary, 1, and the extraordinary,
2, beams for ea > 0, (b) the forbidden zone for the extraordinary beam (shaded
area).

36=[388] E. V. Aksenova et al.
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In the vicinity of the points n�, n�� the solution (2.7) is not correct.
The WKB approximation is not valid in the region where the
correction of the next order over X and the solution (2.7) are
comparable. Hence the WKB approximation is violated in the regions
determined by inequalities

jn� n�j.X�2=3 ð2:17Þ

and

jn� n��j.X�1=2: ð2:18Þ

The existence of the forbidden zones leads to singularities in the propa-
gation of the waves in the chiral media. As it is seen from Figure 2(b) the
turn back of the beam is similar to the total reflection in the point
where the longitudinal component of the wave vector reduces to zero.
This effect was revealed experimentally and analyzed theoretically in
[15]. Moreover the transmission of the waves through the forbidden
zone of finite width is possible. If the width of the forbidden zone

FIGURE 3 The structure of the wide forbidden zone for ea > 0. In the regions
1 and 4 two extraordinary beams interact, in the regions 2 and 3 interaction
between ordinary and extraordinary beams takes place. The vertical strokes
show the regions where the WKB approximation is applied.
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is not large then the transmitted wave can be observed experimen-
tally. This effect is similar to the tunnelling effect for electrons in
a crystal.

Besides that an emergence of the reflected beam for the transmitted
extraordinary beam is possible near the point of inflection (Fig. 2(a))
where the component k

ðeÞ
z is small. This effect corresponds to reflection

above the barrier. The consistent description of transmission and
reflection of waves in the vicinity of forbidden zones requires the
analysis of each turning point. In the general case for ea > 0 there
are four turning points inside the forbidden zone (Fig. 3).

3. THE WIDE FORBIDDEN ZONES

In the case of the wide forbidden zones it is possible to describe the
wave behavior in the vicinity of all singular points. Hereinafter we
consider one period of LC bounded by the planes n ¼ �p=2
and n ¼ p=2. Each Eqs. (2.15) and (2.16) has two solutions. The modes
transformation takes place in the vicinity of the four degeneration
points (turning points) shown in Figure 3. We consider that the forbid-
den zones are so wide that between the turning points 1–4 in Figure 3
there are the regions where the WKB approximation is valid.

The complexity of the analysis of the wave propagation in the vicin-
ity of the turning points is that it is impossible to consider the light
field as the set of the ordinary and extraordinary waves with smoothly
varying parameters. Near the turning points we must solve the stan-
dard equation for the field. In order to get the solution within all
ranges including the turning points it is necessary to match WKB
solutions and solutions of the standard equation.

In what follows it is convenient to consider equation set for the
electric field components instead of Eq. (2.5). The wave equation for
vector E has the form

ðcurl curl� k2
0êeðzÞÞEðrÞ ¼ 0: ð3:1Þ

For ðk?; zÞ presentation we have

@2
n Ex � iX

k?
k0
@nEz þ X2exxEx þ X2exyEy ¼ 0

@2
n Ey þ X2exyEx þ X2 eyy �

k2
?

k2
0

� �
Ey ¼ 0

� iX
k?
k0
@nEx þ X2e?aEz ¼ 0:

8>>>>>>><>>>>>>>:
ð3:2Þ

38=[390] E. V. Aksenova et al.
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First of all we consider the field in the vicinity of the turning
point nð1Þ� , (see Fig. 3), sin nð1Þ� ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�aek=½ð1� aÞea	

p
. Excluding the

component Ez we get Eq. (3.2) in the form

@2
n Ex þ aX2exxEx þ aX2exyEy ¼ 0

@2
n Ey þ X2 eyy �

k2
?

k2
0

� �
Ey þ X2exyEx ¼ 0:

8><>: ð3:3Þ

Near the turning point nð1Þ� solution corresponding to extraordinary
wave is the linear combination of Hankel functions. Asymptotics of
the solution in the vicinity of the turning point for jn� nð1Þ� j> X�2=3

has the form

Ex

Ey

� �
<

¼
ffiffiffi
3

p

r
v�1=12

ðnð1Þ� � nÞ1=4X1=6ðaþ ð1� aÞ sin2 nð1Þ� Þ
1=2

a cos nð1Þ�
sin nð1Þ�

 !

� A
ð1Þ
< exp

2i

3
v1=2Xðnð1Þ� � nÞ3=2 � 5ip

12

� ��
þB

ð1Þ
< exp � 2i

3
v1=2Xðnð1Þ� � nÞ3=2 � 5ip

12

� ��
; ð3:4Þ

Ex

Ey

� �
>

¼
ffiffiffi
3

p

r
v�1=12

ðn� nð1Þ� Þ
1=4X1=6ðaþ ð1� aÞ sin2 nð1Þ� Þ

1=2

a cos nð1Þ�
sin nð1Þ�

 !

� A
ð1Þ
> exp � 2

3
v1=2Xðn� nð1Þ� Þ

3=2 � 5ip
12

� ��
þB

ð1Þ
> exp

2

3
v1=2Xðn� nð1Þ� Þ

3=2 þ 5ip
12

� ��
; ð3:5Þ

where v ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�aekðea þ ae?Þ

p
, A
ð1Þ
< ; B

ð1Þ
< ; A

ð1Þ
> ; B

ð1Þ
> , are constants.

The range of applicability (15) of the WKB solutions intersects
with the range of applicability of the solution in the turning point
vicinity. The range of intersection is determined by inequalities

X�2=3 < jn� nð1Þ� j < 1:

In this range the asymptotics of the WKB solution for jn� nð1Þ� j < 1
should coincide with the asymptotics of the solution near the turning
point for jn� nð1Þ� j>X�2=3.
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If we expand the WKB solution (2.7) in series near the point nð1Þ�
then we get

Ex

Ey

� �ðeÞ�
<

¼ C
ðeÞ�
<

ðvðnð1Þ� � nÞÞ1=4ðaþ ð1� aÞ sin2 nð1Þ� Þ
1=2

a cos nð1Þ�
sin nð1Þ�

 !

� exp �iX
Z nð1Þ�

n0

k
ðeÞ
z ðn0Þ
k0

dn0 � v1=2 2

3
ðnð1Þ� � nÞ3=2

 !" #
;

n < nð1Þ� ; ð3:6Þ

Ex

Ey

� �ðeÞ�
1

¼ C
ðeÞ�
1

ð�vðn� nð1Þ� ÞÞ
1=4ðaþ ð1� aÞ sin2 nð1Þ� Þ

1=2

a cos nð1Þ�
sin nð1Þ�

 !

� exp �X i

Z nð1Þ�

n0

k
ðeÞ
z ðn0Þ
k0

dn0 � v1=2 2

3
ðn� nð1Þ� Þ

3=2

 !" #
;

n > nð1Þ� : ð3:7Þ

Here index ‘‘< ’’ of the field components and constants refers to the
values from the left of the first turning point in the range where
WKB approximation is valid. Index ‘‘1’’ refers to the same values from
the right of the turning point. If we equate the asymptotics then we get
the relations between constants CðeÞþ and CðeÞ� corresponding to the
left and to the right sides of the turning point. The values of the ampli-
tudes do not need to be equal. The reason is the mutual mode transfor-
mations when the wave vectors of the waves approach. Equating the
asymptotics of the WKB solutions and the solutions near the turning
point we get

C
ðeÞ�
<

C
ðeÞþ
1

 !
¼ expð2s� ip=2Þ expð�ip=4Þ

expðip=4Þ 0

� �
C
ðeÞþ
<

C
ðeÞ�
1

 !
; ð3:8Þ

where

s ¼ iX
Z nð1Þ�

n0

k
ðeÞ
z ðn0Þ
k0

dn0:

Here the constants C
ðeÞþ
1 and C

ðeÞ�
1 describe the amplitudes of the WKB

solutions after transition of the first turning point.
Moreover there are two turning points inside the forbidden zone.

These points, solution (2.16), (points 2 and 3 in Fig. 3) describe the
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ordinary and extraordinary mode transformation. The vicinities of
these turning points are determined by the condition (2.18). In the
points n�� degeneration of e� o type takes place.

Let us consider the interaction of the waves propagating in the posi-
tive direction of n. It is the interaction of the modes ðeÞþ and ðoÞþ near
the point where sin nð2Þ�� ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a=ð1� aÞ

p
. In this case the solutions of

the standard equation are the modified Bessel functions of the first
and the second kind, I1=4ðuÞ and K1=4ðuÞ.

We complete the matching of the solutions near the turning points
with the WKB solutions. Solution of the Eq. (3.3) for jX1=2ðn� nð2Þ�� Þj>1
can be written as

Ex

Ey

� �ð2Þ
>;<

¼ e1=4
? exp½iX

ffiffiffiffiffi
ae
p

?ðn� nð2Þ�� Þ	
e1=2
a X1=4jn� nð2Þ�� j

�1=2

�
ffiffiffi
2

p

r
A
ð2Þ
>;< exp

1

2
X

eaffiffiffiffiffi
e?
p ðn� nð2Þ�� Þ

2

� �
þ

ffiffiffiffiffiffi
2p
p

B
ð2Þ
>;<

( )

�
a cos nð2Þ��
sin nð2Þ��

 !
: ð3:9Þ

Here upper index ‘‘(2)’’ of the field means the vicinity of the turning
point nð2Þ�� . The WKB solution in the vicinity of the point nð2Þ�� for the
ordinary wave has the form

Ex

Ey

� �ðoÞþ
<;2

¼
C
ðoÞþ
<;2

ðae?Þ1=4½�2ia1=2ðn� nð2Þ�� Þ	
1=2

sinnð2Þ��
� cosnð2Þ��

� �
exp½iX ffiffiffiffiffiffiffi

ae1
p ðn� n0Þ	;

ð3:10Þ

where index ‘‘< ’’ of the field components and the constants refers to
the values from the left of the turning point nð2Þ�� in the range where
WKB approximation is valid. Index ‘‘2’’ denotes the same values from
the right to the turning point nð2Þ�� . The extraordinary wave in the vicin-
ity of this point is

Ex

Ey

� �ðeÞþ
1;2

¼
C
ðeÞþ
1;2

ðae?Þ1=4½�2ia1=2ðn� nð2Þ�� Þ	
1=2

a cos nð2Þ��
� sin nð2Þ��

 !

� exp iX
Znð2Þ��
n0

k
ðeÞ
z ðnÞ
k0

dnþ iX
ffiffiffiffiffiffiffiffi
ae?
p ðn� n0Þ þ

1

2
X

eaffiffiffiffiffi
E?
p ðn� nð2Þ�� Þ

2

264
375

ð3:11Þ
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Here the low index ‘‘1’’ designates the field components and the
constants in the region between the turning points nð1Þ� and nð2Þ�� where
the WKB approximation is valid. Index ‘‘2’’ shows the values from
the right to the turning point nð2Þ�� where the WKB approximation is
valid.

The amplitudes of the WKB solution in the both sides of the turning
point nð2Þ�� are connected by the relation

C
ðeÞþ
2

C
ðoÞþ
2

 !
¼ i �21=2a�1=2e

iX
ffiffiffiffiffiffi
ae?
p ðnð2Þ�� �n0Þ�

R n
ð2Þ
��

n0

k
ðeÞ
z ðnÞ
k0

dn

h i
0 �i

0@ 1A C
ðeÞþ
1

C
ðoÞþ
<

 !
:

ð3:12Þ

The contribution of the ordinary wave into extraordinary one is
determined by exponential factor in Eq. (3.12). Its value depends on
the difference of the intervals where each of the waves decay. The
decay of the extraordinary wave takes place between points nð1Þ� and
nð2Þ�� whereas the ordinary wave decays between points n0 and nð2Þ�� .
Therefore the contribution of the ordinary wave into extraordinary
one is significant if the difference n0 � nð1Þ� is small.

The description of the interaction of the waves ðeÞ– and ðoÞ– near
the point nð2Þ�� and construction the solutions in the vicinities of the
turning points nð3Þ�� and nð4Þ� can be completed in a similar way.

The variation of the amplitude of the extraordinary wave is
determined by the negative real exponent (2.7) inside the forbidden
zone. The transmittance coefficient of the extraordinary wave can be
written in the form

W ¼ exp �X
Z nð4Þ�

nð1Þ�

k
ðeÞ
z ðnÞ
k0

�����
�����dn

 !
: ð3:13Þ

In order to apply the developed approach for the wide forbidden
zones it is necessary that four turning points were situated far off
from each other. In this case the degeneration of the wave vectors
takes place in pairs. In this case the equation set (3.3) can be con-
verted to two nonlinked equations of the second order, instead of
two linked equation of the second order as it takes place for degener-
ation of all four wave vectors. Moreover for realization of the sequen-
tial procedure of the matching with the WKB solutions it is necessary
to have the ranges where the WKB solutions are applicable between
the turning points. These conditions impose the restriction on the
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width of the forbidden zone. According to Eqs. (2.15)–(2.18) the follow-
ing estimates can be obtained

n� 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a

1� a

ek
ea

r
&X�2=3; n�� 
 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a

1� a

r
&X�1=2; ð3:14Þ

�a&
ea

ð ffiffiffiffiekp � ffiffiffiffiffi
ea
p Þ2

X�1; �a&X�1: ð3:15Þ

The behavior of the damping coefficient for the values X�1 < �a<1
can be found from the relation

jWj2 ¼ exp �2X
Z nð4Þ�

nð1Þ�

jaek þ ð1� aÞea sin2 nj1=2dn

( )


 exp �2Xe1=2
a

Z H

�H
ðH2 þ n2Þdn

� �
;

ð3:16Þ

where

H ¼
ffiffiffiffiffiffiffiffiffiffi
jaj

ek
ea

r
:

Calculating integral we get

jWj2 ¼ exp �pjajX
ek

e1=2
a

 !
: ð3:17Þ

So Eq. (3.17) describes the behavior of the transmission coefficient for
the wide forbidden zones, Eq. (3.15).

4. THE NARROW FORBIDDEN ZONES

In this section we consider the case of the beam transition through the
narrow forbidden zone, the most important case from the experiment
standpoint. The problem in the description of the narrow forbidden
zone case is that the turning points approach each other and hence
remains no WKB region between them. In this case the standard equa-
tion should be constructed for the region which contains all the turn-
ing points. We restrict ourselves to the case of the extremely narrow
forbidden zones when the turning points can be considered as a single
effective point.
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In the system with ea > 0 the coefficient a is small and negative for
narrow forbidden zone and a tends to zero as the width of zone
decreases. Further we consider that a is of the order of X�1

a ¼ �daX�1; 0 < da . 1; ð4:1Þ

where parameter da is connected with the width of the forbidden zone
D by the relation

da 
 X
eaD

2q2
0

4ek
: ð4:2Þ

The width of the forbidden zone is related to the angle of incidence of
the beam v0 (e.g., in the point n ¼ �p=2Þ by the relation

D ¼ 2

q0
arccos cot v0

ffiffiffiffiffi
e?
ea

r� �
: ð4:3Þ

We consider a narrow forbidden zone D when the angle of incidence v0

is close to the critical one, vðcÞ0 , determined by the relation

cot vðcÞ0 ¼
p
2

ffiffiffiffiffi
ea

e?

r
:

At the condition (4.1) the turning points (2.15) degenerate practi-
cally into the point n ¼ 0. As it follows from Eq. (4.2) in this case the
vicinity of the turning point is bounded by inequality

jnj . X�1=2: ð4:4Þ

For narrow forbidden zones in the case ea > 0 difficulties emerge in
constructing the successive solution of Eq. (3.3). In this case the prob-
lem is that four turning points come close to each other. Formally it
leads to the differential equation of the fourth order for each compo-
nent of the field and the solution of this equation becomes difficult.
Therefore we restrict ourselves by the construction of the approximate
solution based on the following physical conception: we neglect the
interaction of the ordinary and the extraordinary waves. Then
the propagation of the extraordinary wave is described by the scalar
Helmholtz equation in the medium with periodically varying refrac-
tive index. If we take into account the relation (2.9) then in ðkperp; zÞ
presentation this equation has the form

@2
z E þ kðeÞ2z E ¼ 0
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or

@2
nE þ X2 aek þ ð1� aÞea sin2 n

� �
E ¼ 0: ð4:5Þ

In this case the field components are determined by the relations
Ex ¼ Ea cos n, Ey ¼ E sin n.

There are two small parameters in Eq. (4.5), n and X�1. We make the
substitution f ¼ ea

1=4X1=2n, where the new variable f is already not
small. If we expand the coefficients of the Eq. (4.5) in the series near
the point f ¼ 0 then the Eq. (4.5) attains the form

@2
f E þ f2 � da

ek

e1=2
a

þ X�1 daf2 � f4

3e1=2
a

 !
þ � � �

" #
E ¼ 0: ð4:6Þ

Its solution is sought as the series over powers of X�1

EðfÞ ¼ E0ðfÞ þ X�1 E1ðfÞ þ X�2E2ðfÞ þ � � � : ð4:7Þ

Restricting ourself to the higher terms of the equation and zeroth
approximation over E we get

@2
f E0 þ ½f2 � w2	E0 ¼ 0; ð4:8Þ

where

w ¼ da
ek

ea
1=2

� �1=2

: ð4:9Þ

The solutions of the Eq. (4.8) are the functions of the parabolic cylin-
der

E0 ¼ A1D�1=2�iw2=2ð
ffiffiffi
2
p

e�ip=4fÞ þ A2D�1=2�iw2=2ð
ffiffiffi
2
p

ei3p=4fÞ: ð4:10Þ

In order to compare the obtained result with the WKB solution we
use the asymptotic of the functions of the parabolic cylinder for large
argument ju=nj>1

DnðuÞ¼

e�uð2Þ=4un ½1þOðu�2Þ	; argu2 ð�p=2;p=2Þ

e�uð2Þ=4un�
ffiffiffiffiffiffi
2p
p

C�1ð�nÞeuð2Þ=4�ipnu�1�n
h i

½1þOðu�2Þ	;

for sign}þ}argu2 ðp=2;pÞ; for sign}�}argu2 ð�p;�p=2Þ

8>>><>>>:
ð4:11Þ

For the wave incident from the side f�!�1, there exist two waves in
the region f < 0, the incident and the reflected one, (Fig. 2(b)). Behind
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the barrier, f�!þ1, there exists the outgoing wave only. As far as in
Eq. (4.10) the term proportional to A2 produces two waves in the region
f > 0 it is necessary to assume that A2 ¼ 0.

Thus asymptotic of the solution (4.10) has the form

E0;> ¼ G3f
�1=2 exp i

w2

2

f2

w2
� ln

2f
jwj

 !" #
ð4:12Þ

for f > 0, and

E0;< ¼ jfj�1=2 G2 exp i
w2

2

f2

w2
� ln

2jfj
jwj

 !" #(

þG1 exp �i
w2

2

f2

w2
� ln

2jfj
jwj

 !" #)
ð4:13Þ

for f < 0, where

G1 ¼
ffiffiffiffiffiffi
2p
p

C�1 1

2
þ i

w2

2

 !
exp i

p
8
� w2

4
ln 2þ w2

2
ln jwj

 !
� 1

4
ln 2þ pw2

8

" #

G2 ¼ exp �i
3p
8
� w2

4
ln 2þ w2

2
ln jwj

 !
� 1

4
ln 2þ 3pw2

8

" #

G3 ¼ exp i
p
8
þ w2

4
ln 2� w2

2
ln jwj

 !
� 1

4
ln 2� pw2

8

" #
:

It is possible to ascertain that this asymptotic corresponds to the
higher term of the WKB approximation as far as

Z f

w
ðf2 � w2Þ1=2df ¼ w2

2

f
w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2

w2
� 1

s
� ln

f
w
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2

w2
� 1

s !" #
: ð4:14Þ

We calculate the coefficients of reflection V ¼ G2=G1 and trans-
mission W ¼ G3=G1

V ¼ 1ffiffiffiffiffiffi
2p
p C

1

2
þ i

w2

2

 !
exp �i

p
2
þ i

w2

2
ln 2� iw2 ln jwj þ pw2

4

" #

W ¼ 1ffiffiffiffiffiffi
2p
p C

1

2
þ i

w2

2

 !
exp þi

w2

2
ln 2� iw2 ln jwj � pw2

4

" #
:

ð4:15Þ
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Using the relation for Gamma-functions

jCð1� bþ iaÞCðbþ iaÞj ¼ pj sin pðbþ iaÞj�1: ð4:16Þ

we get

V ¼ 1þ expð�pw2Þ
� ��1=2

exp �iðp=2þ /Þ½ 	

W ¼ 1þ expðpw2Þ
� ��1=2

exp �i/½ 	; ð4:17Þ

where

/ ¼ �arg Cð1=2þ iw2=2Þ � w2 ln 2=2þ w2 ln jwj:

For energies of reflected and transmitted waves we get

jVj2 ¼ ð1þ e�pw2

Þ�1; jWj2 ¼ ð1þ epw2

Þ�1: ð4:18Þ

It is easy to check that the sum of the reflection and of the trans-
mission coefficients (4.18) is equal to unity.

Note that obtained solutions are valid when the component of the
wave vector k

ðeÞ
z is not reduced to zero but its value is very small. In this

case the WKB approximation is also violated and it is necessary to use
the standard equation. This case differs from previous one by the sign
of inequality, da < 0, and the coefficient w is imaginary. It corresponds
to the reflection above the barrier in quantum mechanics (Fig. 4).

The angular dependence of the reflection and the transmission
coefficients for various ratios of the pitch to wave length is showed
in Figure 5. There is no forbidden zone for the angle of incidence
v2 < vð0Þ2 
 63:45� (for the set of parameters in Fig. 5) and extraordi-

FIGURE 4 The trajectory of the extraordinary beam close to the critical one
when the forbidden zone does not exist yet (1). The reflected beam (2) caused
by the reflection above the barrier. The dotted lines show the region where the
WKB approximation is not valid.
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nary beam passes through the medium with the reflection above the
barrier for angles of incidence close to vð0Þ2 . The angle vð0Þ2 corresponds
to the zeroth forbidden zone, where intensities of the reflected and the
transmitted beams are equal regardless of X. For angles of incidence
v2 > vð0Þ2 the transmission through the forbidden zone takes place
and the intensity of the reflected beam is greater than the intensity
of the transmitted beam. The moderate values of X are more
convenient for experiments as far as the effects of reflection above
the barrier and transmission through the barrier can be observed in
wider range of angles.

5. DISCUSSION

We consider the light propagation in chiral uniaxial media with the
pitch considerably exceeding the wave length. For large angles of
incidence it exists in these systems the turn back of the extraordinary
beam which means the existence of the forbidden zones. We studied the
transmission of the beam through the forbidden zone. In this range it is
necessary to consider the light field as a whole instead of considering

FIGURE 5 Angular dependance of the reflection jVj2 (lines 1, 2, 3) and
transmission jWj2 (lines 10, 20, 30) coefficients in the chiral media with
ek ¼ 2:86, e? ¼ 2:29 for different values of X ¼ p0=k : 1� X ¼ 20; 2� X ¼ 50;
3� X ¼ 200; v2 is the angle between the beam and the z axis on the plane
n ¼ �p=2. The critical beam corresponds to v2 ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffi
e?=ek

p
¼ 63:46�. The

shaded area shows the presence of the forbidden zone. All the curves intersect
in the point C, corresponding to the critical beams.
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the ordinary and the extraordinary waves of the geometric optics.
In practice this description is realized by introducing the standard
equation. As far as the form of the wave surface of the extraordinary
beam depends on the sign of the permittivity anisotropy ea the trans-
mission through the forbidden zone is described differently for systems
with positive and negative ea. In general the case ea > 0 is more compli-
cated since the interaction of the ordinary and the extraordinary beams
is possible inside the forbidden zone. For narrow forbidden zones when
the turning points merge the transmission problem is being solved
approximately. It is interesting to note that this problem is similar to
the quantum problem of the electron transmission through the para-
bolic barrier. Within the framework of this approximation we calculate
the reflection and the transmission coefficients for reflection above the
barrier and transmission through the forbidden zone.

The effect of transmission through the forbidden zone was studied
experimentally in nematic liquid crystal medium doped by the chiral
addition. The dependence of the intensity of the transmitted extraordi-
nary beam on angle of incidence is in a good agreement with the
results of the theoretical calculations. Due to special form of the liquid
crystal cell we succeeded to check the theoretical prediction concern-
ing for equality of the reflected and transmitted beams intensities in
the case of extremely narrow forbidden zone.

Of considerable interest is also the following study of the effect of
transmission through the forbidden zone in a chiral liquid crystal.
Simultaneous measurements of the intensities of the transmitted
and the reflected beams were yet not performed. It would be also
important to study the transmission of the beam through the wide for-
bidden zones. In particular these measurements are interesting for
theoretical analysis since it is necessary to take into account several
turning points simultaneously. The form and the solution of the stan-
dard equation in this case case need further analysis.
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from Russian Foundation for Basic Research # 06-02-16287, from
Dynasty Foundation (Russia), and from the Government of Saint
Petersburg (Russia).

REFERENCES

[1] Yeh, P. & Gu, C. (1999). Optics of Liquid Crystal Displays, John Wiley & Sons:
New York.

[2] Yang, D.-K. & Wu, S.-T. (2006). Fundamentals of Liquid Crystal Devices, John
Wiley & Sons: Chichester.

Light Propagation in Chiral Media 49=[401]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

43
 0

9 
A

ug
us

t 2
01

2 



[3] Chandrasekhar, S., Kitzerow, H.-S., & Bahr, C. (2001). Chirality in Liquid Crystals,
Springer-Verlag: New York.

[4] Chandrasekhar, S. (1977). Liquid Crystals, Cambridge University Press:
Cambridge.

[5] Berreman, D. W. & Scheffer, T. J. (1971). Phys. Rev. A, 5, 1397.
[6] Berreman, D. W. (1973). J. Opt. Soc. Am., 62, 502, (1972); 63, 1374.
[7] (a) Palto, S. P. (2001). Zh. Exp. Teor. Fiz., 119, 638.

(b) Palto, S. P. (2001). JETP, 92, 552.
[8] de Gennes, P. G. & Prost, J. (1993). The Physics of Liquid Crystals, Clarendon

Press: Oxford.
[9] (a) Kats, E. I. (1970). Zh. Exp. Teor. Fiz., 59, 1854.

(b) Kats, E. I. (1970). Sov. Phys. JETP, 32, 1004.
[10] Belyakov, V. A. (1992). Diffraction Optics of Complex-Structured Periodic Media,

Springer-Verlag: Berlin.
[11] Oldano, C. & Ponti, S. (2000). Phys. Rev. E, 63, 011703.
[12] Ponti, S., Oldano, C., & Becchi, M. (2001). Phys. Rev. E, 64, 021704.
[13] Liberman, V. S. & Zel’dovich, B. Ya. (1994). Phys. Rev. E, 49, 2389.
[14] Savchenko, A. Yu. & Zel’dovich, B. Ya. (1994). Phys. Rev. E, 50, 2287.
[15] Aksenova, E. V., Karetnikov, A. A., Kovshik, A. P., Romanov, V. P., & Val’kov, A. Yu.

(2005). Europhys. Letters, 69, 68.
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